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Abstract

A system of stochastic differential equations is studied describing a compartmental carbon transfer model that includes
uncertainties arising in the model from environmental and photosynthetic effects as well as initial conditions. Justification
is given for the modeling of observed times series as Weiner processes. The solution of the resulting system is obtained as a
stochastic process, a formulation is given appropriate for obtaining continuity and differentiability with respect to model
transfer coefficients, and numerical approximation results are given. Estimation results of coefficients from NEE data are
obtained using quasi-Monte Carlo techniques. The error resulting in NEE stochastic models is observed to be approxi-
mately Gaussian. This result is used to construct a joint probability density defined on a sample space of transfer coeffi-
cients. Finally, the joint probability density function is used with quasi-Monte Carlo to obtain information on transfer
coefficients and predicted carbon pools. This information is compared with a priori results obtained without the benefit
of NEE data.
� 2007 Published by Elsevier Inc.
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1. Introduction

Global carbon dioxide CO2 circulation has been the focus for ecology study in recent years after the signing
of the Kyoto Protocol in 1997. One method to analyze the terrestrial carbon sequestration is by a compart-
mental carbon transfer model [1] where the sequestration amounts of carbon in various biomes is linked by
carbon transfer rates governing carbon uptake, storage, and release. Such relations provide an underlying
model that is useful in determining a context from which ecological data may be interpreted and predictions
may be made.

Observed net ecosytem exchange (NEE) of carbon reflects a balance between canopy photosynthetic carbon
influx into and respiratory efflux out of an ecosystem. To quantify terrestrial carbon sinks, the biosphere–
atmosphere interactions research community has employed the eddy-covariance technique to measure
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NEE, water, and energy in more than 210 sites worldwide [1]. Approximately 1000 site years of NEE data and
millions of data points have been accumulated from the FluxNet measurements. Consequently, it appears that
the eddy-flux database will increase substantially in the coming years and will become a great resource for eco-
logical research. Flux data, for example, have been used to estimate the components of net ecosystem produc-
tivity (NEP) at many of the flux sites [7], to validate ecosystem models [2,8,9], and to characterize diurnal,
seasonal, and interannual patterns [5]. It will continue to be a fruitful yet challenging task for the research
community to exploit this massive database to improve our mechanistic understanding and predictive knowl-
edge of ecosystem processes.

The present work focuses on the modeling of carbon sequestration by means of a stochastic initial value
problem and on the utilization of NEE data in the context of that model. Uncertainty in the model arises from
the photosynthetic carbon flux input vector as well as the environmental inputs that are obtained through
measurements. Uncertainty also enters through the initial conditions and the flux partitioning vector as well.
The consequence of the modeling of these terms as stochastic processes is that the solution of the carbon
sequestration system is a stochastic process as well. In previous work [15–17], the model is viewed as a deter-
ministic initial value problem with coefficients that are treated as deterministic functions obtained as pertur-
bations from trend functions. Here we investigate the usefulness of NEE data in the estimation of parameters
within a stochastic compartmental carbon sequestration model. Previously, we have used other data sets that
are less extensive than NEE [15,16]. In that previous work, the model was treated as a deterministic initial
value problem. The objective in this paper is to give a proper mathematical formulation for the use of this
data in the context of a stochastic compartmental model and to compare the effect on carbon predictions
based on NEE data with those obtained using only a priori parameter constraints.

Our analysis is based on an underlying compartmental model with seven carbon pools in which scaling fac-
tors along with initial conditions and flux distribution terms are known to various extents. We view the model
as a stochastic initial value problem in which environmental and flux terms are presented as approximations of
observed time series with errors modeled as Weiner processes. The parameters to be estimated belong to an
admissible set Qad prescribed by a priori bounds. Initially, it is assumed that all parameters in the admissible
set are equally likely. Hence a uniform distribution, designated as the homogeneous distribution, is defined on
the sample space Qad. A posteriori distributions resulting from the incorporation of NEE data are obtained
and are then compared with this a priori homogeneous distribution [14].

Information on parameters may be deduced by means of various operations on the resulting joint probability
density function (pdf). One such operation is marginalization by which a cumulative distribution function (cdf)
of each of the individual parameters is obtained. From the marginal distributions, information such as mean val-
ues for the individual parameters may be determined. An additional measure of the information provided by data
is obtained by comparing the corresponding probability intervals between the a priori and the a posteriori mar-
ginal distributions for parameters. Information on the parameters may be carried forward to the states to provide
a comparison through a priori and a posteriori predicted distributions of the different biomes. In this comparison
we wish to assess the effect that the inclusion of data has on the cdf of predicted likely biomes.

We outline the main results of this work. Central to our treatment are the formulation and justification of
the stochastic compartmental model. The use of Weiner processes to model the uncertainty in the environmen-
tal and flux contributions is examined and justified. The resulting uncertainty is carried through to the NEE
state model. A mathematical setting is posed sufficient to analyze the continuity and differentiability of the
parameter-to-state mappings. The approximation of the initial value problem using the Euler Murayama
scheme is introduced and the unform convergence with respect to admissible parameters is noted. Existence
of output-least-squares estimators is established. To obtain approximations, the admissible set Qad is approx-
imated by a discrete subset QL

ad using equi-distributed sequences and minimization is carried out over the set
QL

ad. We observe the error between synthesized NEE associated with a parameter c and NEE data time series is
Gaussian where the mean and variance of the error while dependent on c, are close to zero and a constant,
respectively. A joint pdf motivated by the normality of the error is then defined over a sample space consisting
of QadðQL

adÞ. The initial condition and the flux distribution vectors are taken to be uniformly distributed over
their ranges. The resulting pdf takes into account the uncertainty arising from the multiple sources in our
problem. The marginal pdfs for the parameters along with biomes are presented and compared with those
obtained without the benefit of the NEE data.
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In Section 2 we pose the underlying model as a stochastic initial value problem. The modeling of various
coefficients as Weiner processes is justified. Differentiability, stability, approximation, and convergence results
are discussed that are important for the analysis of the problem in Section 3. In Section 4 the NEE operator is
defined. Its differentiability and sensitivity properties with respect to perturbations of parameters are observed.
The observational NEE data is also introduced and the distribution of the error between our models and the
data is indicated. In Section 5 the a posteriori joint pdf function based on NEE data is given. A posteriori
distributions of carbon transfer coefficients are obtained and compared with the a priori homogeneous distri-
butions. In addition, distributions of predicted pools sizes based on the NEE data are presented.

2. Formulation of the underlying system and its justification

In [1], the following nonautonomous initial value problem modeling the carbon transfer mechanism among
natural biomes was proposed
dxðtÞ
dt
¼ AC~nðtÞxðtÞ þ b~uðtÞ; ð2:1Þ

xð0Þ ¼ x0; ð2:2Þ
where t 2 [0, tf]. For each t, x = x(t) is a 7 � 1 vector x = [x1,x2,x3,x4,x5,x6,x7]T the components of which rep-
resent the quantity of material per square meter of nonwoody biomass, woody biomass, metabolic litter, struc-
tural litter, microbes, slow organic matter, and passive organic matter pools [15]. The matrix A is a 7 � 7
matrix given by
A ¼

�1 0 0 0 0 0 0

0 �1 0 0 0 0 0

0:712 0 �1 0 0 0 0

0:288 1 0 �1 0 0 0

0 0 0:45 0:275 �1 0:42 0:45

0 0 0 0:275 0:296 �1 0

0 0 0 0 0:004 0:03 �1

2666666666664

3777777777775
ð2:3Þ
describes the distribution of carbon among the various pools. The matrix C is 7 � 7 diagonal matrix given by
C ¼

c1 0 0 0 0 0 0

0 c2 0 0 0 0 0

0 0 c3 0 0 0 0

0 0 0 c4 0 0 0

0 0 0 0 c5 0 0

0 0 0 0 0 c6 0

0 0 0 0 0 0 c7

2666666666664

3777777777775
: ð2:4Þ
We write
C ¼ diagðcÞ;

where c = [c1, . . . ,c7]T 2 R7. The vector c consists of nonnegative parameters that scale the carbon transfer
coefficients. An objective is to use NEE data to obtain estimates and information on the parameter c in the
presence of uncertainty from initial conditions, flux contributions, and environmental terms. Towards this
end, a set of admissible vectors c is defined consisting of bounds on the entries of c. Thus, we define a vector
whose components are upper bounds of the entries of c
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cmax ¼

0:005

0:0002

0:03

0:002

0:01

0:0001

0:000005

2666666666664

3777777777775
:

The lower bound vector is simply the zero vector.
The flux distribution vector b is specified by
b ¼

0:25

0:3

0:0

0:0

0:0

0:0

0:0

2666666666664

3777777777775

with possible bounds on the input vector given by
bmax ¼ ð1þ bpertÞb;
bmin ¼ ð1� bpertÞb:
The initial condition
x0 ¼

469

4100

64

694

123

1385

923

2666666666664

3777777777775

with possible bounds on the initial condition is given by
xmax
0 ¼ ð1þ xpertÞx0;

xmin
0 ¼ ð1� xpertÞx0:
The parameter vector is given by q = (c,b,x0) and the set of admissible parameters is given by
Qad ¼ fq ¼ ðc; b; x0Þ : 0 6 ci 6 cmax
i ; bmin

i 6 bi 6 bmax
i ; xmin

0i 6 x0i 6 xmax
0i g:
Since our focus is primarily on the uncertainty arising from the environmental and flux stochastic processes,
we consider x0 and b to be fixed in our theoretical treatment and consider
Qad ¼ fc : 0 6 ci 6 cmax
i g: ð2:5Þ
Remark 2.1. In fact in computations, we allow values of x0 and b to be uniformly distributed between the
above upper and lower bounds where bpert and xpert are both 0.1. x0 and b are marginalized to obtain
distributions on the parameters ci. Even so inversion of NEE data to obtain distributions for components of x0

and b result only in uniform distributions indicating that NEE data contains little information on x0 and b.
Thus, in this work it suffices to take x0 and b as above and take Qad as defined in (2.5).
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The real-valued function ~nð�Þ is a time series describing environmental moisture and temperature effects on
transfer properties. The environmental function ~n is expressed in the form
~nðtÞ ¼ nðtÞ þ n̂ðtÞ; ð2:6Þ
where n is a known deterministic function capturing environmental trends and n̂ðtÞ is a stochastic process that
is included to capture random perturbations from that trend. In addition, the real-valued function ~uð�Þ is a
time series indicating the system input from photosynthesis. It is partitioned, in a manner similar to the envi-
ronmental term, into a trend u(t) and a stochastic process ûðtÞ; capturing the random perturbations from that
trend. Hence, we express the photosynthetic input as
~uðtÞ ¼ uðtÞ þ ûðtÞ: ð2:7Þ
Uncertainties in x(t) arise from the noise contained in environmental measurements ~nðtÞ, the lack of knowl-
edge of coefficients in vector b and the matrix C, the lack of complete knowledge of the initial condition
x0, and the disturbances in ~uðtÞ due to natural effects (wind, pressure, light condition, etc). In this study,
Gaussian white noise is chosen to model the random effects n̂ðtÞ and ûðtÞ. Thus, n̂ðtÞ is replaced by cnN(t)
and u(t) is replaced by cuN(t) where N(t) represents Gaussian white noise with mean zero and unit variance,
cn and cu are variances associated with their respective terms. The model is formally given by
dXðtÞ=dt ¼ ACðnðtÞ þ cnNðtÞÞXðtÞ þ bðu0ðtÞ þ cuNðtÞÞ; ð2:8Þ
Xð0Þ ¼ x0; ð2:9Þ
where X(t) is a 7-vector valued process. In differential form we write
dXðtÞ ¼ ½ACnðtÞXðtÞ þ buðtÞ�dt þ ACXðtÞdW nðtÞ þ bdW uðtÞ; ð2:10Þ
Xð0Þ ¼ x0; ð2:11Þ
where t 2 [0,T]. In this representation the terms Wn(t) and Wu(t) designate one dimensional Wiener processes
with zero mean but different variances. The initial condition x0, the diagonal matrix C and column vector b are
members of a sample space Qad that is independent of Wn(t) and Wu(t). A probability distribution is over Qad

is to be deduced from data measurements through an inversion procedure in the face of uncertainty in the
environmental and flux models.

Initial value problems of the type (2.10)–(2.11) are well-studied [3,11,6]. We consider the solution of (2.10)–
(2.11) as a mapping c ´ X(c), defined on Qad from (2.5), and ultimately into NEE. Of importance is the
existence, and uniqueness of a solution of (2.10)–(2.11), continuous dependence and differentiability of the
solution X(c) with respect to the parameter c. Also, the numerical approximation of the solution of (2.10)–
(2.11) converges uniformly respect to the parameters c belonging to Qad as time discretizations are refined.

The system (2.10)–(2.11) involves terms arising from the environmental and flux contributions that are
modeled as Wiener processes. These terms are based on times series measurements and are presented in Figs. 1
and 3. Our approach is to approximate these terms by trend functions. To approximate the environmental
function, moisture and temperature measurements are modeled separately. The trend function for temperature
is given as the composition of the functions
�sðtÞ ¼ 14:8þ 14 sin
2pðt þ 266Þ

365

� �
ð2:12Þ
and
sðtÞ ¼ ð0:65Þ2:2ð�sðtÞ�10Þ=10: ð2:13Þ

The moisture model function m is expressed as a composition of the functions
�mðtÞ ¼ 0:27þ 0:14 sin
2pðt þ 46Þ

365

� �
ð2:14Þ
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Fig. 1. Comparison of environmental time series data with trend function.
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with
mðtÞ ¼
5�mðtÞ when �mðtÞ < 0:2;

1 otherwise:

�
ð2:15Þ
The environmental modeling function is now expressed as
nðtÞ ¼ ln þ sðtÞ � mðtÞ;
where ln = 0.0219 and the variance is 0.14. The carbon flux time series is approximated by the trend function
uðtÞ ¼ lu þ 87 sin
2pðt þ 269Þ

365

� �
;

where lu = 0.6281 and the variance is 1.8. The resulting error between the modeled trends, n and u and the
observed time series are used to determine cumulative distribution functions presented for comparison with
normal distributions in Figs. 2 and 4, respectively. These comparisons are presented to support our choice
of Wiener processes to model the uncertainty in the flux and environmental contributions.
3. Existence, uniqueness, and well-posedness of solutions to the underlying equations

The modeling of the environmental and flux perturbations as Weiner processes is justified above. The exis-
tence theory of solutions to the initial value problem such as (2.10)–(2.11) is classical and is carried out by
reformulating (2.10)–(2.11) as an integral equation
XðtÞ ¼ x0 þ
Z t

0

½n0ðsÞACXðsÞ þ bu0ðsÞ�dsþ
Z t

0

ACXðsÞdW nðsÞ þ bW uðtÞ: ð3:1Þ
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Fig. 2. Comparison of normal and empirical cdfs for environmental model error.
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When it is desirable to emphasize the dependence on c, we write X(c)(t) to represent the solution of (3.1). As
with the Picard theorem from ordinary differential equations, the existence of a unique solution is obtained by
showing the iterates for (3.1) converge in a suitable sense. The Borel-Cantelli theorem along with Gronwall’s
inequality are the tools for showing convergence in this case [3,4]. We state the result in the following.

Proposition 3.1. For each c 2 Qad there is a solution t ´ X(c)(t) of (2.9), (2.10) defined on an interval [0,T] that
is continuous with probability 1 and for any c 2 Qad
sup
t2½0;T �

EjXðcÞðtÞj2 6 M < þ1; ð3:2Þ
where the constant M depends only on Qad and a particular value of c. It is useful to distinguish various Banach

spaces. We denote by U the Hilbert space of Gaussian random variables X with E(X2) <1. Further, V denotes

the Hilbert space of random vectors bX belonging to R7 the components of which, bX i; are Gaussian random vari-

ables satisfying EðjbXj2Þ < þ1. Finally, we designate the Banach space
V ¼ X : sup
t2½0;T �

E½jXðtÞj2� < þ1
( )
with the norm
kXk ¼ sup
t2½0;T �
½EjXðtÞj2�1=2

:

Continuous dependence on the parameter c is given in the following. Continuity results with respect to the initial

condition x0 and b are found in [3,4].
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Fig. 3. Comparison of flux time series data with trend function.
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Proposition 3.2. Let cn ? c for cn 2 Qad. Then
lim
n!1
kXðcnÞ � XðcÞk ¼ 0:
Proof. We present estimates implying the result. For i = 1, 2 and with Xi(t) = X(ci)(t), we have
XiðtÞ ¼ X0 þ
Z t

0

½nðsÞACiXiðsÞ þ buðsÞ�dsþ
Z t

0

ACiXiðsÞdW nðsÞ þ bW uðtÞ:
Taking the difference
X2ðtÞ � X1ðtÞ ¼
Z t

0

nðsÞA½C2X2ðsÞ � C1X1ðsÞ� þ
Z t

0

A½C2X2ðsÞ � C1X1ðsÞ�dW nðsÞ;
we obtain
X2ðtÞ � X1ðtÞ ¼ AC2

Z t

0

nðsÞ½X2ðsÞ � X1ðsÞ�dsþ A½C2 � C1�
Z t

0

nðsÞX1ðsÞds

þ AC2

Z t

0

½X2ðsÞ � X1ðsÞ�dW nðsÞ þ A½C2 � C1�
Z t

0

X1ðsÞdW nðsÞ:
Squaring and applying Cauchy’s inequality, we obtain
EjX2ðtÞ � X1ðtÞj2 6 4jAj2jC2 � C1j2
Z t

0

n2ðsÞdsþ 1

� � Z t

0

EjX 1ðsÞj2 ds

þ 4jAC2j2
Z t

0

n2ðsÞdsþ 1

� � Z t

0

EjX2ðsÞ � X1ðsÞj2 ds:
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Fig. 4. Comparison of normal and empirical cdfs for flux model error.
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From Gronwall’s inequality, we obtain the estimate
EðjX2ðtÞ � X2ðtÞj2Þ 6 LjC2 � C1j2
implying the result.
We next consider the differentiability of the c ´ X(c) with respect to the parameter vector c as a mapping

from R7 into V. h

Proposition 3.3. The mapping c ´ X(c) is Frechet differentiable as a mapping from R7 into V. For an increment

d 2 R7, DX(c)d = Y(c,d) where Y(c,d) satisfies the equation
dYðc; dÞðtÞ ¼ nðtÞA½diagðcÞY ðc; dÞðtÞ þ diagðdÞXðcÞðtÞ�dt þ A½diagðcÞYðc; dÞðtÞ
þ diagðdÞXðcÞðtÞ�dW nðtÞ ð3:3Þ
with
Yðc; dÞð0Þ ¼ 0:
Proof. Let d be a column 7-vector and consider the difference
Xðcþ dÞðtÞ � XðcÞðtÞ ¼ þ
Z t

0

fnðsÞA½diagðcþ dÞXðcþ dÞðsÞ � diagðcÞXðcÞðsÞ�gds

þ
Z t

0

A½diagðcþ dÞXðcþ dÞ � diagðcÞXðcÞðsÞ�dW nðsÞ:
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Setting
Dðc; dÞðtÞ ¼ Xðcþ dÞðtÞ � XðcÞðtÞ;

we have
Dðc; dÞðtÞ ¼
Z t

0

nðsÞA½diagðcþ dÞDðc; dÞðsÞ þ diagðdÞXðcÞðsÞ�ds

þ
Z t

0

A½diagðcþ dÞDðc; dÞðsÞ þ diagðdÞXðcÞðsÞ�dW nðsÞ:
Rearranging terms we obtain
Dðc; dÞðtÞ ¼
Z t

0

nðsÞA diagðcþ dÞDðc; dÞðsÞdsþ
Z t

0

Adiagðcþ dÞDðc; dÞðsÞdW nðsÞ
�

þ
Z t

0

nðsÞAdiagðdÞXðcÞðsÞdsþ
Z t

0

A diagðdÞXðcÞðsÞdW nðsÞ:
From continuity arguments we note that
EðjDðc; dÞj2Þ 6 bLtf jdj2:

Introduce the integral equation
Yðc; dÞðtÞ ¼
Z t

0

nðsÞAdiagðcÞYðc; dÞðsÞdsþ
Z t

0

AdiagðcÞYðc; dÞðsÞdW nðsÞ
�

þ
Z t

0

nðsÞAdiagðdÞXðcÞðsÞdsþ
Z t

0

A diagðdÞXðcÞðsÞdW nðsÞ
for which existence of a unique solution follows from Proposition 3.1. Observe that the difference
Dðc; dÞ ¼ Dðc; dÞ � Yðc; dÞ
satisfies the integral equation
Dðc; dÞðtÞ ¼
Z t

0

nðsÞAdiagðcÞDðc; dÞðsÞdsþ
Z t

0

A diagðdÞDðc; dÞðsÞdW nðsÞ

þ
Z t

0

nðsÞAdiagðdÞDðc; dÞðsÞdsþ
Z t

0

A diagðdÞDðc; dÞðsÞdW nðsÞ:
Using arguments analogous to those in [3], we obtain the estimate
EjDðc; dÞðtÞj2 6 4

Z t

0

n2ðsÞdsþ 1

� �
jAj2jcj2

Z t

0

EjDðc; dÞj2 ds

þ 4

Z t

0

n2ðsÞdsþ 1

� �
jAj2jdj2

Z t

0

EjDðc; dÞðsÞj2 ds:
Defining the constants
eK 0 P 4

Z tf

0

n2ðsÞdsþ 1

� �
jAj2
and
 eK 1 P eK 0jcj2bL;

we write
EðjDðc; dÞðtÞj2Þ 6 eK 0

Z t

0

EðjDðc; dÞðsÞj2Þdsþ eK 1jdj4:
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From Gronwall arguments we have
EðjDðc; dÞðtÞj2Þ 6 eK 1 expðeK 0tÞjdj4;

and it follows that, for t 2 [0, tf],
EðjXðcþ dÞðtÞ � XðcÞðtÞ � Y ðc; dÞðtÞjÞ2 ¼ Kjdj4
establishing the result.
The approximation of the stochastic differential equation is carried out using the Euler–Murayama method

[3,6,13]. Beginning with the equation
dXðcÞðtÞ ¼ ½nðtÞA diagðcÞXðcÞðtÞ þ uðtÞb�dt þ AdiagðcÞXðcÞðtÞdW nðtÞ þ bdW uðtÞ ð2:10Þ

with initial value
XðcÞð0Þ ¼ x0: ð2:11Þ

Set Xn = X(c)(tn). The corresponding difference equations are given by
Xn ¼ Xn�1 þ ½nðtn�1ÞAdiagðcÞXn�1 þ uðtn�1Þb�hþ AdiagðcÞXn�1DW n
n þ bDW n

u; ð3:4Þ
where h = tn � tn�1 and DWn = W(tn) �W(tn�1). The solution of this sequence of difference equations pro-
duces a sequence of random variables Xn that are measurable with respect to the r-algebras generated by
the Weiner processes Wn and Wu and that satisfy
EðjXnj2Þ < þ1

for each n = 0,1, . . . ,N. The convergence of these approximations is demonstrated in [3] and is established for
systems in [13]. h

Proposition 3.4. Under the assumptions for existence of a unique solution, the scheme converges to the solution of

(2.10)–(2.11) of order O(h) uniformly on Qad. The terms of the solutions of the difference equation are continuous

as functions of c 2 Qad to V. Furthermore, the terms of the solution are Frechet differentiable and satisfy the
equations
DXnðcÞd ¼ I þ ½hnðtn�1Þ þ W nðtnÞ � W nðtn�1Þ�AdiagðcÞDXn�1ðcÞd
þ ½hnðtn�1Þ þ W nðtnÞ � W nðtn�1Þ�AdiagðXn�1ðcÞÞd; ð3:5Þ
where d 2 R7.
Finally, designate the mean by
mðcÞðtÞ ¼ EðXðcÞðtÞÞ

with
m0 ¼ EðX0Þ:

A straight forward calculation [3] shows that function m(c)(�) is the solution of the initial value problem
d

dt
mðcÞðtÞ ¼ nðtÞACmðcÞðtÞ þ buðtÞ; ð3:6Þ

mðcÞð0Þ ¼ m0 ¼ x0: ð3:7Þ
This is precisely the equation that we have studied in previous work [15–17].
4. The NEE observation operator and data

Let / = [1 1 1 1 1 1 1]T. The NEE value at time tn associated with the parameter c is the change of the total
carbon per change in time. Thus, the NEE is approximated by
znðcÞ ¼ /T½XnðcÞ � Xn�1ðcÞ�=h: ð4:1Þ
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We take the observational NEE operator for our problem to be given by (4.1). That is, defined by the mapping
c 7!znðcÞNo

n¼1 where No is the number of observations. Clearly, from the discussion in the previous section, the
mapping c ´ zn(c) is well-defined and differentiable from R7 into U.

The observed time series of NEE data is presented as a time series of discrete points fn for n = 1, . . . ,No and
is portrayed in Fig. 5.

As an estimate, we begin by determining a model describing the error between synthetically generated NEE
and the observed NEE data. Toward this end, we pose the minimization problem
Minimize J 0ðcÞ ¼
XNo

i¼1

ðznðcÞ � fnÞ2 for c 2 Qad: ð4:2Þ
Remark 4.1. Existence of a solution co to (4.2), of course, follows from the continuity of the mapping
c ´ zn(c) and the compactness of the admissible set Qad defined in (2.5).

Generally, the functional J0 in the minimization formulation may have multiple minima. Our approach
here is to designate a finite sub-collection of L admissible parameters by QL

ad and minimize J(�) over that set. A
convenient method to generate such points with which to construct a discrete admissible set, QL

ad; is by means
of a quasi-Monte Carlo technique using equi-distributed sequences [10]. Let the components of a vector of
length 7 be given by pi = (i2 + 1)1/2 for i = 1, . . . , 6. For i = 7 we take p7 ¼

ffiffiffiffiffi
65
p

. It follows that the components
of p are linearly independent with respect to the rational numbers. The ith component of the nth term in the
sequence of vectors for n = 1, . . . ,L is generated by
ðciÞn ¼ ðnpi � ½npi�Þcmax
i ; ð4:3Þ
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Fig. 5. Comparison of NEE time series data with simulated NEE using optimal least-squares estimated parameters.
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where [�] denotes the greatest integer function. It can be shown [10] that the sequence of vectors generated in
this way distributes throughout the 7-dimensional admissible set Qad in a regular way. Thus, we define an
admissible set, QL

ad, with finitely many (L) elements generated by means of Eq. (4.3). Denote the solution
of the discrete minimization problem
J 0ðcL
oÞ ¼ minfJ 0ðcÞ : c 2 QL

adg:
Based on the approximating properties of such sequences, there is a sequence cL, for L = 1,2, . . . in Qad such
that
jcL � coj ¼ OðL�1þm
7 Þ ð4:4Þ
for any m > 0 [10].

Proposition 4.1. Using the sequence of defined above, the estimate
min
QL

ad

J 0ðcÞ �min
Qad

J 0ðcÞ
�����

����� ¼ J 0ðcL
oÞ � J 0ðcoÞ ¼ OðL�1þm

7 Þ ð4:5Þ
holds. Moreover, the sequence cL also converges to a solution to the problem (4.2).

Proof. From the differentiability results we have Eq. (4.5) from the estimate (4.4). From the compactness of
the set Qad, it follows that the sequence of elements cL

o converges to bco. From continuity it follows that bco is a
solution of the original problem as well.
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Fig. 6. Comparison of normal and empirical cdfs for NEE model error with optimal least-squares estimated parameters.
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Using L = 10000, we find that
co ¼

3:77� 10�3

1:05� 10�4

2:44� 10�2

9:86� 10�4

2:88� 10�3

7:29� 10�5

3:24� 10�8

266666666664

377777777775
:

The simulated NEE function obtained using the optimal least square (LSO) estimated parameter is portrayed
in Fig. 5. The distribution of the error is portrayed in Fig. 6 for comparison with the Gaussian distribution
with mean l = 0.0490 and variance r2 = 1.13 computed from the resulting error time series. h
5. Joint probability density function, marginalization, and predictions

In this section we view the parameter c as a vector from the sample space Qad. The objective is to introduce
a joint probability density function that incorporates the uncertainty in the data and provides information of
the likelihood that the parameters are in certain subsets eQ of Qad. Because the discrete admissible set QL

ad is
constructed as an equi-distributed sequence, the probability measure of eQ is approximated by the number
of elements in eQTQL

ad. Based on this construction, marginal distributions for parameters and predicted bio-
mes may be obtained.

To construct the joint pdf, the beginning point is the model of the error that may be deduced from the time
series above. Suppose that c 2 Qad is given and consider the error at the observation times tn for
n = 1, . . . ,Nobs. The deterministic model for NEE is obtained by
zðcÞðtÞ ¼ /TmðcÞðtÞ;

where m(c) is the solution of the initial value problem (3.6)–(3.7). The stochastic model of the NEE is obtained as
fðcÞðtÞ ¼ /TXðcÞðtÞ;

where for each t 2 [0, tf], X(c)(t) is a random vector in V and X(c) 2 V. Hence, for each t, f(c)(t) 2 U. Introduce
the ‘‘noise” as function �(c)(t) by
fðcÞðtÞ ¼ zðcÞðtÞ þ �ðcÞðtÞ

as the difference between the stochastic and the deterministic models. For each t �(c)(t) is a random variable
� � N(l(c), r2(c)) see Fig. 6, as a typical case.

Remark 5.1. The mean and variance l and r2 of the error depend on c. However, calculation of these
quantities as c varies over QL

ad indicates that the function c ´ l(c) is approximately zero while the function
c ´ f(c) is approximately one. In computations, we take the variance to be constant but larger than one
(approximately 100) to account for the errors introduced in numerical approximations that are in addition to
the stochastic errors.

For times tn we set fn(c) = f(c)(tn), zn(c) = z(c)(tn) and �n(c) = fn(c) � zn(c). In addition, define
f̂ðcÞ ¼ ffnðcÞgNo

n¼1;bzðcÞ ¼ fznðcÞgNo
n¼1; and b�ðcÞ ¼ f�nðcÞgNo

n¼1.
Viewing c as a parameter, we define the conditional pdf by
f ðb�jcÞ ¼ 1ffiffiffiffiffiffi
2p
p

r

� �No

exp
�jb�j2
2r2

" #
:

We rewrite the pdf to emphasize the distribution on f̂
f ðf̂jcÞ ¼ 1ffiffiffiffiffiffi
2p
p

r

� �No

exp
�jf̂� bzðcÞj2

2r2

" #
:



700 L. White, Y. Luo / Applied Mathematics and Computation 196 (2008) 686–704
Now we view Qad as a sample space with an a priori distribution fprior expressing prior information on the
parameters c. Define
f ðf̂; cÞ ¼ f ðf̂jcÞfpriorðcÞ

as a joint pdf. We use the relation
f ðf̂; cÞ ¼ f ðcjf̂Þfpriorðf̂Þ

to obtain
f ðcjf̂Þ ¼ f ðf̂jcÞfpriorðcÞ=fpriorðf̂Þ;

where f̂ is a random variable. Expressing data as
~fo ¼ ffn
og

No
n¼1;
we seek
f ðcj~fÞ ¼ f ð~fjcÞfpriorðcÞ=fpriorð~fÞ:

We obtain the expression
f ðcj~fÞ / f ð~fjcÞfpriorðcÞ

indicating proportionality. The right side is normalized to satisfy the property of integrating to unity over the
sample space. In terms of the pdf derived from model noise, we have
f ðcj~fÞ ¼ 1ffiffiffiffiffiffi
2p
p
� �No

exp
�j~f� bzðcÞj2

2r2

" #
fpriorðcÞ:
We assume that c ´ fprior(c) is a uniform distribution defined on Qad.
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Fig. 7. Comparison of a posteriori and uniform marginal cumulative distributions for c1 � c4.
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Defining the pdf as above provides an approach in which probabilistic notions are introduced to interpret
results. Different from the minimization approach used in least-squares estimation [15–17]. The parameter
space Qad is a sample space over which c 7!f ðcj~fÞ is defined. The constant bC is a normalization constant used
to scale the pdf to unity over Qad. By integrating f ð�j~fÞ over subsets of Qad, the probability that parameters
belong to those subsets given the data. We also think of functions of the sample parameters as random
variables defined over Qad. The pdf contains all the information in the problem from the data, the model, and
the a priori constraints. Having formed the joint pdf f defined on Qad, the task remains to extract information
contained in the joint pdf concerning the parameters. Since our objective is to assess the information added to
knowledge by inclusion of NEE data over the a priori distribution, we use quasi-Monte Carlo equi-distributed
simulations described above to sample the set Qad uniformly and retain all simulated values. Thus, we do not
use Markov Chain Monte Carlo (MCMC) methods [12].

As an aid towards comparison, we observe the reduction of likelihood intervals of parameters by
comparing the corresponding marginalized a posteriori pdfs with the a priori uniform pdfs. These
comparisons yield information on how our knowledge of the value of the parameters has increased by
including data. In Figs. 7 and 8 are shown the cdfs for a priori (solid) and a posteriori (dashed). Note that
there is improvement in parameters c1, c3, c4, and c5 while there is very little in the parameters c2, c6, and c7.

We calculate the parameter intervals for 90% probability. Towards this end, we determine intervals whose
left and right end points are obtained by inverting cdf values of 0.05 and 0.95, respectively. The ratio between
the lengths of these intervals between the a posteriori and the a priori distributions from is a measure of the
improvement resulting from the inclusion of the NEE data. We find
90% likelihood ratio for c ¼ f0:70; 0:99; 0:86; 0:81; 0:89; 1; 1g
indicating again improvement in estimates for parameters c1, c3, c4, and c5.
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The mean value for the parameters is given by the vector
cmean ¼

3:5� 10�3

1:07� 10�4

1:77� 10�2

1:34� 10�3

6:04� 10�3

5:24� 10�5

2:53� 10�6

2666666666664

3777777777775
:

A second measure of the value of the data is to compare the predicted pool size distributions of the biomes
based on a posteriori distribution joint pdf as compared with the predictions without the benefit of the data
based only on the a priori information. Since NEE data is available for approximately four years and the
approximating time series for temperature, moisture, and CO2 flux is over five years (in fact can be extended
indefinitely using the functional forms), we use the 4-year NEE data to determine distributions. These distri-
butions are then used to predict the future cdfs of biomes at year 5. In principle, it is possible to make pre-
dictions at any time in the future using the models and the joint pdfs determined from the NEE data. The
cdfs for x1, . . . ,x7 are shown in Figs. 9 and 10 where the solid curves are the distributions obtained using a
priori information and the dashed curves are obtained using NEE data. We see that distributions have been
improve in the cases of x1, x3, x4, x5 and x6 with little or no improvement over the a priori case for x2, and x7.
Similarly, for the parameters c, we calculate 90% likelihood ratios for the biomes to find
90% likelihood ratio for x ¼ f0:27; 0:96; 0:38; 0:67; 0:57; 0:78; 0:99g
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Fig. 9. Comparison of a posteriori and uniform marginal cumulative distributions for x1 � x4.
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again indicating improvement in estimates for biomes x1, x3, x4, x5, and x6 with only x2 and x7 showing vir-
tually no improvement.
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